The Boussinesq equations are extensively used in the field on natural convection. However, for sake of consistency with thermodynamics, especially the second law, the terms accounting for the work of pressure field and for the heat released by viscous friction should be maintained in the heat equation. This is the thermodynamic Boussinesq model. With those effects, the flow now depends on the size of cavity. An example of comparison between a small square cavity and a large one, also square, is given for Ra = 10 8 . In the large cavity, the pressure-field work is so significant that convection is strongly reduced while heat transfer is significantly increased due to a process similar to the piston effect. Similarly, the contribution of viscous friction to the total irreversibility is strongly increased. With those two cavities of fixed size, the Rayleigh number is increased via the temperature difference. In the large cavity, the flow remains steady up to Ra = 4×10 8 (the highest value investigated herein). In the small cavity, the flow destabilizes around Ra = 1.82×10 8 like in the usual Boussinesq calculations. The onset of unsteadiness offers the opportunity to address the relations between instability and thermodynamics: are steady-states characterized by minimal irreversibility? Is there any topological relationship between fluctuations and irreversibility?
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Introduction
The equations established about one century ago by Oberbeck (1879) and by Boussinesq (1903) are extremely famous in the field of natural convection. Every year scientific journals publish hundreds of articles based on those equations. Moreover numerical results agree satisfactorily with the available experimental data. Those equations are called here-under the usual Boussinesq equations and denoted as UB. Mihaljan (1962) , Bejan (1984) , Tritton (1988) , or Gebhart et al. (1988) , among numerous authors, explained how to derive those equations from the complete Navier-Stokes ones in the case of buoyancy-induced convection. However, the UB approximation is valid under certain conditions, and it is well accepted that validity is lost as soon as the fluid density cannot be assumed as uniform and constant (wide temperature range, geophysics, near-critical fluids…). Apart from these cases, the issue of validity has rarely been addressed. One approach consists of comparing the respective magnitudes of the terms appearing in the non-dimensionalized Navier-Stokes equations. Following this approach Gray and Giorgini (1976) [denoted as G&G in the following] and Velarde and Perez-Cordon (1976) [denoted as V&PC in the following] concluded that validity of the UB approximation also requires the parameter βgHT 0 (c p ∆T) -1 , denoted by φ in the following, to be small compared to 1. These two studies agree that the work of pressure-field must be accounted for in the heat equation when the latter condition is not fulfilled. They however disagree on the equation to be used then. Apart from Mihaljan (1962) who mentioned that the UB approximation neglects the very terms describing the production of mechanical work (kinetic energy) inside the fluid, and from Spiegel and Veronis (1960) who first presented (to the authors knowledge) the Thermodynamic Boussinesq model (here-under denoted by TB), confrontation of the Boussinesq equations and thermodynamics usually consists of deriving the rates of entropy production, see e.g., Bejan (1984) , Tritton (1988 ), or Gebhart et al. (1988 . There are at least two causes of entropy production, heat conduction and viscous friction (thermodiffusion also involves mass diffusion but is not considered herein). Whatever the scaling used for non-dimensionalizing the equations, the irreversibility due to viscous friction involves that parameter φ above-mentioned. Both Bejan and Gebhart et al. mention that φ is "not necessarily negligible", an interesting remark when compared to the conclusions of G&G and V&PC. The influence of the work of pressure-field on heat transfer and flow was mainly investigated in the boundary layer itself, e.g., by Kuiken (1971) , Ackroyd (1974) , Joshi and Gebhart (1981) , or Shapiro and Fedorovich (2004) . Those authors considered boundary conditions leading to analytical solutions. More than twenty years after the famous numerical benchmark of De Vahl Davis (1983) dedicated to the solution of the UB equations in the square 2D differentially-heated cavity, the influence of the work of pressure-field on internal flows (i.e., in closed cavities) was numerically investigated only last year by Costa (2005) , Le Quéré (2005a, 2005b) . In line with these recent studies, the present article addresses the fluid behavior in two square 2D differentially-heated cavities filled with air and submitted to a Rayleigh number slightly above 10 8 , an interesting range because the UB model predicts transition from steadiness to periodicity at 1.82×10 8 , see Le Quéré and Behnia (1998) . Those two cavities, a small and a large one, significantly differ in their value of φ. They will thus be compared at Ra = 10 8 and slightly above.
The next section presents the Thermodynamic Boussinesq equations and their connection with the second law. The numerical model and the cases investigated are described in the third section. The fourth section compares the heat transfer, flow characteristics and irreversibilities in either cavity at Ra = 10 8 . In the two next sections, the Rayleigh number is increased, strongly for the large cavity, 
The Boussinesq equations and Thermodynamics
The Nusselt number is the ratio of the effective heat flux Q transferred from the hot wall to the cold one through the cavity undergoing convection and the heat flux Q λ that would be transferred through the cavity filled with the same fluid at rest. Similarly, entropy productions Σ can be nondimensionalized by the entropy production in that purely conductive static system, Σ λ . The ratio N I = Σ / Σ λ is called in the following number of irreversibility. It is easily proved that, at steadystate, the total irreversibility N Itot must equal the Nusselt number :
In periodic conditions, equation (1) According to G&G, the UB equations mainly accept two kinds of limit. First, when the temperature difference existing in the fluid is too large then density variations cannot be neglected (the velocity field is not divergence-free); in the so-called non-Boussinesq problem, cavities are of very small size. Second, when the cavity size is too large then the work of pressure-field cannot be neglected; in such problems, temperature lies in a very narrow range (∆T = T h -T c is very small). Our concern is the latter case. Moreover, our interest focuses on thermodynamic aspects, i.e., energy exchanges, energy transformations, and irreversibilities. The Boussinesq model must therefore be revisited. Instead of trying to simplify as much as possible the equations by keeping only the terms with largest orders of magnitude, our approach consists in building a numerical system thermodynamically consistent with natural convection. As a first point, the thermophysical properties of the fluid are taken as constant and uniform, except in the forcing term of the momentum equation (as usual in the Boussinesq approximation) and in the pressure-work term of the heat equation (see here-under). Indeed, i/ the non-linearities introduced by that temperature-dependence are not essential to natural convection; ii/ G&G have shown that the corresponding non-linear terms are smaller than the terms kept herein (at least for air and water); iii/ Vierendeels et al. (2001) investigated those non-linearities with a Non-Boussinesq model and obtained a reduction of the Nusselt number by 2.2% with a temperature difference ∆T as large as 720K. Although the ∆T's considered herein are incomparably smaller, the observed effects are significantly larger. It results from this first point that the continuity and momentum equations are those of the UB model. All the thermophysical data are taken at
As a second point, the energy equation involves the work of pressure field and the heat generated by viscous friction. Indeed, i/ the work of pressure field is the process that transforms internal energy into kinetic energy, an essential aspect of natural convection, see Pons and Le Quéré (2005b) ; ii/ the kinetic energy dissipated by viscous friction as described in the momentum equation transforms into heat inside the fluid itself, for sake of energy conservation this heat rate must appear in the heat equation; iii/ when the heat equation accounts for those two terms, then the above-described development from the entropy balance results in an entropy production which correctly involves heat conduction plus viscous friction. Moreover, G&G and V&PC have shown that the pressurework term is the first neglected one in the UB model. Actually, the so-obtained model was already proposed by Spiegel and Veronis (1960) . Noticing that their model is consistent with thermodynamics, they named it thermodynamic Boussinesq model (TB model), we keep the denomination. In the TB model, the heat equation is:
We consider the same state equation as usually in the Boussinesq approximation:
As ∆T is very small, we have:
When ∆T is large (Non-Boussinesq problems), the so-called Low-Mach number models only keep the second term where pressure is equated with the average pressure (only time-dependent), see Paolucci (1982) . In our case, that second term is negligible while the first one does globally produce mechanical energy out of heat. The pressure gradient considered is the hydrostatic one: ∇P = -ρ 0 gz. Due to large Ra values, our non-dimensionalization is based upon the cavity height H for lengths, ( / ) Ra H α for velocity, and ∆T for temperature deviation (T -T 0 ). In this framework, the nondimensional heat equation is:
where
After simple algebra on the second member of the right-hand side (work of pressure-field), the heat equation is rewritten as:
Compared to the UB heat equation, equation (4) contains two other terms: -That in -φ w is by far the main part of the work of pressure-field. This linear term fulfills the basic centro-symmetry of the UB equations 1 , and its integral is zero in steady-state (and on average in periodic flows). It is negative (heat sink) close to the hot wall, and positive (heat release) close to the cold wall: globally, this term induces a heat transfer by what we call the pressure-work effect, which compares with (although slightly different from) the piston effect described by Onuki et al. (1990) , Boukari et al. (1990) , and Zappoli et al. (1990) .
-The last term in equation (4) is scaled by βgH/c p , a parameter much smaller than φ (βgH/c p = φ ×∆T/T 0 ). It consists of the subtraction of the active part in the work of pressure-field from the heat generated by viscous friction; none of these two components has a zero integral but their integrals exactly counterbalance each other in steady-state (and on average in periodic flows). As these two components are quadratic, they break the basic centro-symmetry of the UB equations by their own symmetry 2 . In their respective derivations of the extended heat equation G&G neglect the component in θw (see their equation 32) while V&PC neglect the component in ΦRa (1) is then always fulfilled, see Figure 1 -B. It also appears that the Nusselt number depends on φ.
Numerical investigation
The numerical model is described in details by Gadoin et al. (2001) . The spatial discretization uses a regular staggered grid. Time discretization uses a second-order scheme (backward differentiation formula) and a fractional step method. The linear terms are treated implicitly and the non-linear ones explicitly by linear extrapolation. Coupling between velocity and pressure is treated by an usual incremental projection procedure consisting of two steps: a prediction step, solved with the Peaceman-Racheford ADI scheme, and a projection step, with a multigrid technique. Diffusive and convective fluxes are discretized with centered differences. The number of cells is 512 × 512 and the dimensionless time step 0.003. Two square 2D differentially-heated cavities with adiabatic horizontal walls and filled with air at 300K (Pr = 0.71) are considered herein. The small cavity is defined by a small φ, 10 -3 at Ra = 10 8 . This yields a height of 0.571510m, and a ∆T of 5.5786K when Ra = 10 8 . This configuration resembles a likely experimental rig. As φ is very small, the results are expected to be very close to those calculated with the UB equations. The large cavity is defined by a large φ, 2 at Ra = 10 8 . This yields a height of 3.821919m, and a ∆T of 0.018653K when Ra = 10 8 . Such a configuration cannot be met in experiments because the ∆T is too weak for being efficiently controlled. If such sizes (some meters) also do not really pertain to geophysics, they do to housing, a domain more and more frequently approached by UB calculations without questioning their validity. Throughout this study the height of those two cavities is kept constant, just like in experiments. When the ∆T is modified, the Rayleigh number changes accordingly (linearly) and φ changes like 1/∆T. The small cavity is investigated up to Ra = 1.88×10 8 , the large one up to Ra = 4×10 8 .
Comparison for Ra = 10 8
At Ra = 10 8 , the flow is stable in both cavities but there are huge differences in flow and temperature as can be seen from the numerical values of Table 1 and from the fields shown in Figure 2 . First of all, let us compare the results for the small cavity to already published values. The Nusselt number calculated here (30.37) is fairly close to that calculated by Le Quéré (1991) , Behnia (1998), and Tric et al. (2000) with pseudo-spectral Chebyshev UB models (30.22). The maximum of the stream-function (-Ψ) max was calculated to be 5.38×10 -3 , and the maximal vertical velocity at mid-height of the cavity (w max ) z=0.5 to be 0.22, see Le Quéré (1991) . The present results (resp. 5.40×10
-3 and 0.22) agree fairly well.
Let us now compare the two cavities. In the large one, the Nusselt number is 40% larger than in the small. The difference is due to the work of pressure field which globally induces heat transfer by the pressure-work mode, see Section 2. As a matter of fact, the Nusselt number at mid-cavity
] is now always less than at the active walls. The difference Nu PW = Nu -Nu mid is the heat flux transferred via the pressure-work mode. In the small cavity Nu PW is about 0.12% of the total heat flux, while it reaches as much as 83% of Nu in the large cavity. Meanwhile convection is significantly reduced, as shown by the maxima of the stream-function Ψ (Table 1) and velocity profiles (Figure 3 ). (1) is satisfied in both cases within more than four digits. Comparing now the two cases, not only distribution of irreversibility between the two causes is completely different (see Table 1 ) but also repartition of total irreversibility in space (see Figure 4) . The global viscous irreversibility N Iv and local rate of total irreversibility are calculated according to:
( ) 
In the small cavity, irreversibility is practically only due to conduction and it mainly concentrates in the corners upstream the boundary layers. In the large cavity, viscous friction represents 22% of the total irreversibility and the latter expands almost along the whole vertical walls. The peak rate of local irreversibility is then much less in the large than in the small cavity [see (n I ) max in Table 1 ]. All these differences, as yet unexplored to the authors knowledge, have consequences on results at higher Rayleigh numbers.
Above Ra = 10 8 in the large cavity
The TB model is now applied to the large cavity for the following values of the Rayleigh number:
, and 4×10 8 (in the latter case, the ∆T is 0.074612K).
As a first qualitative result, it is found that all these configurations are stable while, according to Le Quéré and Behnia (1998) , the UB model predicts the onset of instability at Ra = 1.82×10 8 and chaotic behaviour at Ra = 3×10
8
. The robust stability obtained in the large cavity results from the effects of the pressure-field work. Although transformation between heat and work due to loopmotion in a given pressure field basically is a reversible process, the energy involved in it interferes with the temperature and velocity fields (they are coupled) in such a manner that it reduces the causes of instability: strong reduction of convection and disappearance of the hydraulic jump downstream the boundary layer (see Table 1 and Figure 2-left) . Quantitatively, the Nusselt number is again larger than that calculated with the UB model (47.23 instead of 40.1 at Ra = 3×10 . When φ and the pressure-field work are not negligible, then the two functions Nu(Ra) and N Iq (Ra) become much closer to linearity, as can be seen in Figure 5 .
These few results show that when the pressure-field work takes effect (when φ compares with 1), it significantly and qualitatively modifies the flow and all its characteristics (e.g., onset of unsteadiness, relation Nu vs. Ra). For a system of fixed size, this happens when the ∆T is very small. It can be inferred from the latter observation that the approach of a given cavity toward equilibrium (and its departure from equilibrium) absolutely does not follow the path described by the UB model.
Above Ra = 10 8 in the small cavity
The present study focuses only on the range of Rayleigh number around transition from steadiness to periodicity, i.e., between 1.80×10 8 and 1.88×10 8 . We will not repeat here the findings of Ravi et al. (1994) or Le Quéré and Behnia (1998) . We will instead add some new points of view, especially that of thermodynamics. We first present how global quantities vary when Ra goes through the instability threshold, and then we will explore a possible correlation between unsteadiness and irreversibility. . If confirmed, this shift would be a consequence of the pressure-work effect. The absolute lack of discontinuity on total irreversibility despite the onset of unsteadiness must probably be confronted with the theorem of Prigogine (1962) stating that, under certain conditions, irreversibility is minimal in steady-states. Among those certain conditions, the thermal conductivity must vary like 1/T 2 and the dynamic viscosity like 1/T. As both fluid properties are taken as constants in our model (as they always are, except in the Non-Boussinesq problems), the Prigogine theorem is probably irrelevant to our problem. This statement widely opens a new question: is there any connection between irreversibility and transition from steadiness to instability?
6.a. Global quantities
6.b. Instability and irreversibility field
Although the Prigogine theorem seems to be irrelevant to the present problem, there might be a correlation between instability and irreversibility. The following development is a very first approach toward such a correlation. First, the two graphs in Figure 8 (again expanded fourfold horizontally) detail the streamlines and the local rate of irreversibility in and just downstream the boundary layer (the cold one, for sake of comparison with Figures 2 and 4) . The recirculation loop located between the boundary layer and the hydraulic jump is a well-known feature. Figure 8 also shows that this recirculation loop develops in a region where the rate of irreversibility is extremely weak (less than 2) compared, not only to the peak value (11860), but also to the average (35.56). Moreover, Figures 9 and 10 show that most of the velocity-and temperature fluctuations take place in regions of very weak irreversibility, while the strongest irreversibility fluctuations take place upstream the boundary layer (z ≈ 0.83). Let us first comment fluctuations of irreversibility. One must remember that irreversibility is 99.97 percent due to heat conduction in the present case (see Table 1 ). Figure 10 clearly shows that the main fluctuations of irreversibility are obviously related to weak fluctuations of temperature, themselves related to weak horizontal internal fluctuations (see Figure 9 -left), all being located at the same vertical position. Those weak fluctuations inside the cavity produce strong fluctuations of irreversibility in the boundary layer at the same vertical position, because temperature gradient is horizontal in the boundary layer (i.e., sensitive to horizontal fluctuations) and because irreversibility is a quadratic function of temperature gradient (irreversibility fluctuations are amplified in regions of strong temperature gradient: as n I ∼∇T 2 , dn I ∼2∇T.d∇T). About velocity-and temperature fluctuations now, Figures 9 and 10 also show that they take place away from the walls, mainly around the recirculation loop and the hydraulic jump, i.e., there where the constraints (prescribed temperature, no-slip) -and also local irreversibility-are weak. Indeed, a very low level of irreversibility is close to reversibility, and a reversible system can evolve as easily in one direction as in the opposite. From this point of view, instability can be seen as an alternation between several flow configurations obeying the three fundamental transport equations (mass, momentum and heat) while being all affected by very low, or comparable, rates of irreversibility. Figure 11 shows how one given streamline fluctuates between two very different paths without modifying the local rate of irreversibility. These observations relate fluctuations and irreversibility. However, although the two phenomena above-described (i/ the fluctuations of irreversibility upstream the boundary layer and due to weak waves inside the cavity; ii/ strong flow fluctuations downstream the boundary layer in regions of weak irreversibility) seem to be disconnected, they obviously are connected as they appear together. The second-law criterion that would determine instability is still to be established, if any.
Conclusion
The usual Boussinesq model is not consistent with the second law. Maintaining the work of pressure field and the heat released by viscous friction is sufficient for recovering consistency, this is the thermodynamic Boussinesq model. The thermodynamic model involves another dimensionless parameter, φ, proportional to the height of the cavity. When the fluid is air at 300K, and for Rayleigh numbers around 10 8 , strong differences appear between a 60cm-high box (φ < 10 -3 ) and in a 4m-high room (φ ∼ 1) with respect to flow, heat transfer, and also stability. Oppositely to the Prigogine theorem, there is no evidence that steady-states are characterized by minimal irreversibility. Moreover, topological relations seem to appear between irreversibility field, irreversibility fluctuations, and flow fluctuations. For instance, flow instability develops in regions where irreversibility is very low and fluctuates very few. Figure 4: Fields of local rate of total irreversibility n I in 1/8 of the cavities close to the active walls (the images are expanded fourfold horizontally so that the red spot has same coordinates as that in Figure 2 ). Large cavity is on the left, small one on the right. The black solid lines show the isovalues of 500, 1500, 2500 … up to the maximum (values given in Table 1 ); the blue thick dashed line shows the isovalue equal to the average (42.6 in the large cavity, 30.4 in the small one); the next thin dashed line shows the isovalue close to 10% of the average (4 in the large cavity, 3 in the small one); the colored areas show the domains where irreversibility lies between the two latter values. Beyond, irreversibility is very weak. . All these cases are stationary. In Figures 8 to 11 , only part of the cavity is shown but expanded fourfold horizontally (each tick holds for 0.1 on either axis). For irreversibility fields, the black solid lines show the isovalues of 1000, 3000, … 11000 (maximum = 11860), the blue dashed thick line shows the isovalue equal to the average (35.56), the two next thin dashed lines show the isovalues 3.5 and 2. For fluctuations, the dashed red line shows the isovalue 10% of the maximum standard deviation on the displayed domain; the other red lines are for 30, 50, 70 and 90% (the latter value is shown by a thick line). 
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